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1. INTR~DLJC~~N 
A result of elementary and vital importance in the study of existence, 
uniqueness, comparison, continuous dependence, perturbation and stability 
of ordinary differential equations is the celebrated Gronwall-Bellman 
inequality [2-4, 10, 12, 141. This inequality has been extended to several 
variables by a number of mathematicians [5-9, 11, 13-161. For example, 
Conlan and Diaz [ 71 generalized the Gronwall-Bellman inequality in n 
variables in order to prove uniqueness of solutions of a nonlinear partial 
differential equation. Walter [ 171 gave a more natural extension of the 
Gronwall-Bellman inequality in several variables by using the properties of 
monotone operators. Snow [ 151 obtained corresponding inequality in two- 
variable scalar- and vector-valued functions by using the notion of a 
Riemann function. Young [ 191 established Gronwall’s inequality in n 
variables, which coincides with the result given in Walter [ 171, where a 
representation of the Riemann function is used. Chandra and Davis [6] 
generalized the Gronwall-Bellman inequality to systems of n linear 
inequalities in m variables by arguments that amount to manipulation of the 
resolvent kernel equation for a monotone operator. Their results encompass 
some works of Chu and Metcalf [S], Snow [ 15, 161, Walter [ 171, Wendroff 
[ 1, p. 1541 and Young [ 191, as well as providing extensions to kernels having 
more general form and weaker regularity properties. Recently, Bondge and 
Pachpatte [5 ] and one of the present authors Yeh [ 181 established some 
nonlinear integral inequalities of Wendroff type [ 1, p. 154). It is the purpose 
of this paper to extend the Gronwall-Bellman inequality to several variables 
by a different approach. 
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2. MAIN RESULTS 
Throughout this paper S will denote an open bounded set in the n- 
dimensional Euclidean space R”. For x = (x, ,..., x,) and x0 = (xy . . . . . xi) in 
S, we denote 
j;; . . . 1;: . . . &, . . . dt, 
” ” 
.I 
( ... dt, 
. x0 
and D, = 8/laxi for i = 1. 2 ,..., n. The natural partial ordering on R” is defined 
by 
x0 < x if and only if xp < xi for i = 1, 2 ,..., n. 
We establish first the following. 
THEOREM 1. Let w(x), f(x) and g(x) be real-valued, nonnegative and 
continuous functions on S, and n(x) be a positive, nondecreasing continuous 
function on S. Suppose that the inequality 
w(x) < n(x) + {IOf w(s) ds + j:IOf(s) ( i:O g(t) w(t) dt) ds (1) 
holds for all x in S with x > x0. Then 
w(x) < n(x) r 1 + [‘f(s) exp 
1 _ A-0 
is (f(t) + g(t)) dt) ds 1 
- x0 
for all x in S with x > x0. 
Proof: Since n(x) is positive and nondecreasing, we have, by (l), 
” g(t) $ dt) ds. 12) 
Setting w(x)/n(x) = p(x), 
P(X) G 1 + j;rof 6) As) ds + j;;of 6) (]I gWp(t) dt) ds- (3) 
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Let 
u(x) = 1 + I_r f(4 ds) ds + I_’ fb) ( jIo g(t) p(f) dt) ds. . x0 “X0 
Then 
(4) 
and 
u(x) = 1 on xi = xp, i = 1, 2 ,..., n, 
D, ..a D,@) =./Xx) (P(X) + 1.1 g(t)&) df) . (5) 
. x0 
It follows from (4) and (5) that 
Let 
Then 
and 
Hence 
which implies 
Thus 
D, .-. D,, 44 G-(-4 u(x) + 1X g(O 40 dl) . 
. x0 
u(x) = u(x) + ix g(t) u(t) dr. 
“10 
4x) < w, 
u(x) = u(x) on xi =xp, i = l,..., n, 
D, . . . D, u(x) = D, . . . D, u(x) + g(x) u(x). 
D, ... D, 4x) < (f(x) + g(x)) u(x), 
W 4 -a- D, o(x) 
v’(x) 
a-(x> + g(x). 
44 4 ..a D,u(x) 
a(x) + g(x) + 
P,G4P, -.. Dn-, 44) 
v*(x) a) 
3 
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I.e.. 
Dn 
D, ... D,-, t’(x) 
44 
a-(4 f g(-x). (6) 
Integrating both sides of (6) with respect o the component x, of ?I from xz 
to x,, we have 
D, ... D,-, o(x) 
v(x) 
,< fxn U-(x, >..., x, _ 1. t,,) + g(x, ,..., x, - , , t,)) df,. 
. .f 
Therefore 
v(x)(D, --. D,-, v(x)) 
v’(x) 
< J-x” (j-(x,,..., x,-I. f,) +g(x ,,.... x,-, , t,)) df, 
. x,” 
+ (D,-, v(x))@, .a. D,-*v(x)) 
v’(x) 
I.e.. 
D 
D, .-a D,-,o(x) 
n-1 
v(x) 
< J” 1 m x, ,..a, x, - , 7 t,) + & , . . . . . x- , , t,)) dt,. (7) 
. .f 
Integrating both sides of (7) with respect o the component x,~ , of x from 
x0,-, to xnm,, we have 
D, --a D,-,v(x) 
4x1 
< g;, y (j-(x, ,...’ .K, - 2, t, -, , L 1 
. XI 
+ g(x, 1.-., x n-*,fn-,,tn))dtndtn-,. 
Continuing in this way we have 
Dlg(-K) Q fX’ . . . fXn (j-(x,, x2, t, ‘...( t,) 
-.xy -.q 
t g(x,, x2, t, ,..., t,)) dr, . . . dr,. (8) 
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From (8) we have 
+ g(x, , x2, t, ,..., t,)) dr, -.a dt,. (9) 
Integrating both sides of (9) with respect o the component x2 of x from xi 
to x2, we have 
D, u(t) JL -1, 
v(x)< 1 .*- ) (.I-(-q, f?,..., t,) +g(x,, tz, . . . . t,))dt, .a- drz. 
. .ry . A-.” 
Integrating both sides of the above inequality with respect o the component 
x, of x from xy to x,, we have 
1% 
u(x) ,*-r 
u(xy, x* ,...) x,) 
G ) U-(t) + g(f)) df, . xo 
which implies 
Hence 
D, -I , . 
4~) < exp ix (f(t) + g(t)) dr 
_ x0 
Integrating first with respect o the component x, of x from x”, to xnr then 
with respect o the component x, _, of x from x”, ~, to x, _, , and continuing 
in this way and finally integrating with respect to the component x, of x 
from x! to x,, we obtain the bound on u(x), 
Since 
we have 
~(XMX) = P(X) < u(x), 
w(x) < n(x) 1 + [*f(s) exp (\’ (f(t) + g(t)) dt 
. x0 _ x0 
Thus our proof is complete. 
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Remark 1. The integral inequality obtained in Theorem 1 is a 
generalization of Gronwall and Bellman’s inequality 13, p. 58 ] and 
Pachpatte’s inequality [ 14, Theorem I] to several variables. 
Following Dhongade and Deo [lo], a function H(u) is said to belong to 
the class F if 
(i) H(u) is positive, continuous and nondecreasing for u > 0, 
(ii) t-‘H(U) ,< H(t-‘u) for f > 0 and u > 0. 
We establish next the following integral inequality which may be used in 
certain situations. 
THEOREM 2. Let w(x), g(x) be real-valued positive continuous functions 
on S, and let n(x) be a positive continuous nondecreasing function on S and 
H in F. Suppose that the inequality 
w(x) < n(x) + 1.’ g(s) (w(s) + 1” g(t) H(M0) df) ds (10) 
. xo x0 
holds for all .Y in S with x > x0. Then, for x0 < s < x*. 
w(x) < n(x) 
I 
1 + I..’ g(s) G-’ (G(1) + ( ’ g(t) df) ds( . 
. x0 .’ X” 
(11) 
where 
G- ’ is the invers of G and x* is chosen so that 
G(1) + rX g(f) df E Dom(G-‘) 
_ x0 
for all x in S lying in the parallelopiped x0 < x < x*. 
Proof: Since n(x) is positive, nondecreasing and H in F. we have, by 
(lo), 
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Define u(x) by the right member of (12). Then 
u(x) = 1 on xi =xp, 
It follows from (12) and (13) that 
i = 1, 2,.. , n. (13) 
D, ..a D,, u(x) < g(x) 4x) + f’ g(t) ff(u(t)) df) - (14) 
_ x0 
Let 
v(x) = u(x) + 1.’ g(t) H@(r)) dt. 
_ x0 
Then 
v(x) = u(x) = 1 on xi = x7, i = 1. 2 ,..., n, 
and 
D, a.-D,v(x)=D, ..a D,u(x) + g(x) H@(x)). 
It follows from (14) and (15) that 
D, -.a D, v(x) <&)(4x) + H(v(x))), 
i.e.. 
(15) 
D, a.- D, v(x) 
v(x) + WV(X)) 
G g(x). 
Thus 
(v(x) + H(u(x)))D, -a. D,v(x) 
(v(x) + fwxw 
G g(x) + 
D,(v(x)+ H(v(x)))D, ..- D,v(x) 
(v(x) + wv(xN>’ ’ 
i.e.. 
Dn D, .a. D, - ,4x) 
v(x) + ~(L’W) 
< g(x). (16) 
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Integrating both sides of (16) with respect o the component x, of x from x”, 
to x,, we have 
D, .*. D,-,u(x) 
u(x) + H(v(x)) < J.x.g(x,,...,x~~i,f,)dt,. .x,” 
Therefore 
< ‘I”g(x 
! , ,... , -x,-, , t,) dt, + 
D,-,(+I + Wu(x))) D, .*a Da-244 
1,” (49 + fww2 ’ 
i.e.. 
& , ,..., xc,, r,,)&. 
Integrating both sides of the above inequality with respect o the component 
X n-l of x from x”,-~ to x+,, we have 
D, ..a Dnp2u(x) ~ J-+-I J, 
0) + wJ(x)) 
-x~-, ) g(x,,...,xn-2,tn-,rl,)df,dt,-,. 
. xz 
Continuing in this way we have 
L,(x;lpfj;l;;)) <!x”:- li”g(x,,x,,f,,...,t,)d~;’ 
1 -4 
Thus 
D2 
D, u(x) 
4x) + Wu(x)) ) 
< 1 
.x1 
.a- lXng(x,, x2, t, ,..., t,)dt, -0. dt,. 
Ix; . xi 
dt,. 
(17) 
Integrating both sides of (17) with respect o the component x2 of x from x’: 
to x2, we have 
4 u(x) 
.x* 2, 
u(x) + H@(x)) G X20 *** ! J x; 
g(x, , I, ,..., t,) dt, . -a dt, . 
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Hence 
D, G(v(x)) < j-1; Ax,, t, ,..., t,) dt, . . . dt,. 
2 
Integrating both sides of the above inequality with respect o the component 
x, of x from xy to x,, we have 
G(4x)) - G( 1) < \* g(t) dt. 
_ x0 
Hence 
Substituting this bound on v(x) in (14), we have 
D, . . . D,u(x) <g(x) G-' G(1) + llg(t)dt). 
” x0 
Integrating both sides of the above inequality from x0 to x, we have 
u(x) < 1 + Jx g(s) G-’ 
x0 
From this and w(x) ( n(x) u(x) we obtain the desired bound in (11). This 
proves our Theorem 2. 
Remark 2. The integral inequality obtained in Theorem 2 extends 
Pachpatte’s result [ 14, Theorem 41 to several variables. 
Similarly, we have the following. 
THEOREM 3. Let w(x) and g(x) be real-valued positive continuous 
functions on S, and let n(x) be a positive, nondecreasing continuous function 
on S and H in F. Suppose that the inequality 
w(x) < n(x) + ix g(s) Ww(s)) d  _ x0 
holds for all x in S with x > x0. Then, for x0 < x < x*, 
w(x)<n(x)G-’ (G(l)+j~og(s)ds), 
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G(r) = fr &. 
. ‘IJ 
r > r0 > 0, 
G-’ is the inverse of G and x* is chosen so that G( 1) + j$ g(s) ds E 
Dom(G-‘). 
Remark 3. For n = 1 in our Theorem 3, we obtain Bihari’s inequality 
[4] and Theorem 3 of [lo]. 
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